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Abstract. A linear programming model is proposed for interpre-
tation of the problem for allocation of resources between a finite
number of consumption stores at which the risks occurring are
considered. At that linear constraints are imposed between the
resources in the detached points and between the risks occurring
at that. Results are obtained related to reducing this problem to a
general Linear Programming (LP) program in which optimal solu-
tion is sought for minimization of the expenses for allocation of the
resources as well as for taking the risks. A numerical realization of
the linear model proposed is carried out that confirms the theoret-
ical results received.

Introduction

In the classical problems for resource allocation
[2,4,5] the risks are taken into account at transportation of
the resources along the respective sections of the network. In
this case the risks at acquiring and releasing the resource in
the separate nodes of the network are not taken into account.
In practice such risks always exist and their acceptance or
rejection play considerable role at making the respective de-
cisions.

Various cases were considered in [4,5] when the trans-
portation of resources on an arbitrary network is accom-
panied by respective risks on the separate sections of the
network. A network flow interpretation of these processes
was carried out there and the optimal solutions were defined
through minimization of the expenses for the transportation
of the resources as well as for covering the insurances of the
respective risks.

In the present work linear models [3] are proposed for
allocation of resources between a finite number of consum-
ers (nodes) at which the expenses for covering the respective
risks are taken in mind. These models are of more general
type than the network flow interpretations as the linear con-
straints used in them are more general than the network flow
conservation equations.

Formulation of the Problem
and Constraints

It is necessary that a given resource X be distribute be-
tween a set of N of K, number consumer points {N }, which
may be at some distance one from the other. Then if G is the
set of these nodes we may put down:
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()N={N,/j€G};
2)G=1{1,2,...,K,}.

If the probability for adverse event occurrence in point
Nj at distributing an unit of resource X is equal to Py then
the risk r, for loss of resource in this node will be defined as
a product of two measures — the resource being allocated x,
and the probability for an adverse event in this point Py ie.
the risk is equal to

(3)rj:xjpjf0reachj€ G

and at that for each j € G
(4)0§p/.§1; x/ZO; r,ZO.

This means that the risk is measured with the same
measurement unit like the respective resource.

Further on the additional index s to some parameter
means that this parameter refers to the resource, and index
r — to parameters related to risk. From the point of view of
the resources’ investor the risk taken and paid by him in the
separate points N, should not be less than the risk calculated
in (3), i.e. inequalities exist for each j € G

®) P71y 0.

The following denotations are introduced:
a'.— value to be invested for a unit of resource in point

a”.—value for taking a unit of risk in point NJ;
I — a set of indices of constraints related to resources;

©)I]=K;

I —a set of indices of constraints related to risk;
MI|=K;

I, — a set of indices of constraints (5), connecting re-
sources and risk in the separate points N
®) 1| =1Gl=K,;

I={I VI UI}—asetofindices of all constraints both
for resources and risks.
O MU=Vl ul|=K+K+K =K.

¢,>0- coefficients in the right hand part of the con-
straint for resources of index i €

¢;>0- coefficients in the right hand part of the con-
straint for risks of index i € /;

b, — coefficient in the left hand part of the constraints
on resources of index i € [, corresponding to point N;
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b:j — coefficient in the left hand part of the constraints
on risks of index i € /, corresponding to point N;

X = ZX/.— total sum value of the resource invested in
jeG

all points {N,/j € G};

r= Z 7,— total sum value of the risks being taken in
jeG
points {N/, /jeG}.
Linear constraints of indices 7 € I,

(10) ) bx<csicl

jeG

correspond to the real requirements of practice, related to the
resources being invested.

The same may be also asserted about the following
linear constraints for risks of indices i € Ir, which reflect ad-
ditional requirements for the risks being taken, i.e.

(11) Zb’ijrjﬁc’lﬁ; iel.
jeG

A model L, is proposed in the present work, which
provides a possibility the optimal distribution to be simul-
taneously defined both for resources and risks with regard
to the points {Nj} by taking into account the constraints for
resources (10), for risks (11) and for connecting of resources
and risks (5), as well as equalities (12) and (13) — both si-
multaneously or only one of them

(12) ij:vs;

JjeG

(13) ), r=v,

jeG
where v >0 and v > 0.

These equalities, together or separately, are connected
with the requirement the total amount of resources x and
risks r to be equal to some previously fixed quantities.

Then the model L, is reduced to the following Linear
Programming problem (LP-problem):

(14) Z(a’xj + a”rj)= L — min;
jeG
subject to constraints (5), from (10) to (13) and the require-
ment for non-negativity of {xl.} u {r/.}, ie.
(15)x,>0; 7,>0; jeG. '

After solving of the optimization problem an exact op-
timal distribution of resources and risks is reached, {xj} and
{rj}respectively, considering all requirements to the resourc-
es and risks. The optimization problem described in (5) and
from (10) to (15) may be presented in a more general form
by introducing the following additional denotations:

(16)G'={1,...K, K, ,...2K} =11, ..., 2K }

0+1° °
xj,lfj eG;

(17 x;=1x

7 j+K0=rj1f]eG;

0, in the other cases;

which means that each variable r is substituted for another
variable and all variables are unified and reduced to the set
(18) {x/jcG";
(19) s
by,
bl-J’- =r;ifie{K,+1L. K, +K,}
je{Ky+1,...,2K};

0, in the other cases;

ifiel;;jeG;

b; =

¢l ifiel

o ,ifie{K, +1,..,K, +K,};
je{K, +1,..,.2K,};

0, in the other cases;

a,if jeG

(21) a; =qaj,if je{Ky+1,.2K,};

(20) =

0, in the other cases;

Then the optimization problem from (5) and from (10)
to (15) may be described in the following way

(22) »ZC:;/ ax= L — min;
Jje€
under constraints: for each i€ {1, ..., Ks+ Kr}

(23) ) by <c;
jea
(24)pj x,=x+,<0,jeCG

@5) D % =Vss DX =V

jea’ Je{Ko+1,....2K,}
(26) %>0; je {1, ..., Ko}.

Solving of the optimization problem from (22) to (26)
leads to the same results as like as when using the previous
form (5) and from (12) to (15). In the LP-problem described
from (22) to (26) the variables for resources’ allocation {x, /
Jj € G} and for risks’ distribution {ifl. / j € G} are reduced to a
single problem with generalized variables {x,/j € G'}. Con-
straints from (23) to (26) are chosen in such a way, so that
there is full one to one mapping between the two forms of
the LP-problem described but for the numerical realization
the second form is preferable.

Numerical Example

Five points, from N, to N, are given, which are con-
sumers of resource. With total resource available v_= 5 units
(for easier illustration) the admissible total risk is accepted
to be of v = 2,1 units. Such distribution of the resources and
risks is necessary, that the total value being paid for that to
be minimal. The source coefficients and evaluations, as well
as the probabilities adverse event to occur in the separate
points are shown in fable 1.
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Table 1
No N} N1 |Nz |N; [N+ [Ns | s
Deno GG
tations
1 a]f 10 (6 (12 |14 |8 |-
2 a]f' 7 (8 |10 |5 |9 |-
3 |ps 1 (2 (05250 |8
1j
4 |ps. 0 (1 |1,5]0,5]|1 |6
2j
5 |pr. 2 (1 (251050 |2
1j
6 |pr 0 (25051 |2 |15
2j
7 |pi 0,2 (04 10,11031]0,1 |-

On the base of the data from table I the LP-problem
from (22) to (26) for the numerical example being consid-
ered has the following form:

L=(10x,+ 6x,+ 12x,+ I4x,+ 8 + 7x + 8, + 10x, +
+ 5x,+ 9x,)) — min

under constraints: for each i€ {1, 2, ..., 10}

X T2x,+0,5%,+2,5%x,<8;
X, T 15X, +0,5%, +x,<6;
22X X, +2,5%x,+0,5%x,<2;
22,5%,+0,5x,+x,+ 2%, < 1,55
20,2x -x,<0;

.04, -x,<0;

0,1 %, -x, <05
.0,3x,-%x,<0;
9.0,1x,-x,<0;

10. x, +x, +x, +X, +X,=5;
I x,+x, +x, +x,+x,,=2,1;
12.x,> 0.

0NN bW

The LP-problem thus defined was solved with the help
of the free software package for solving linear programming
problems http://comnuan.com/cmnn03/cmnn03004/.

The optimal allocations of resources and risks over the
five consumer points are shown in table 2, as well as the
total expenses for resources and risks corresponding to these
allocations.

Table 2
Ne {N;}
De Ni | N: | Ns | Ne | DN Z x| 2
notations e uea
1. |x 325 [0 [0 [17 [005 |5 -
2. | 1 ixo 065 |0 |0 |14 005 | 21
’
3. Z 4% | 56,7 . _
jeG
4. Z ar;j 12 - -
JjeG
5. Z 5% | 68,7 . .
J

It follows from table 2 that the optimal allocation en-
visages no resources, and therefore and no risks in two of
the consumer points — N, and N,. Expenses for resources
amount to 56,7 units and for the corresponding risks — to
12 units.

It follows from the data of the same table 2 that as a

whole, the real average probability for adverse event to oc-
cur for the optimal allocation calculated is equal to:

2.7

w7 _J¢ 21
p*== 10,42,

2%

jeG

The a priori average probability for adverse event for
the points of non-zero values of resources is equal to:

+Pp2t+ 0,2+0,3+0,1
r_ P1tP2tD3 _ - 0’2;
3 3

p

i.e. for the optimal allocation thus defined twice greater av-
erage probability for an adverse event is reached than in the
case with analogical a priori value. If the real expenses for
resources and risks are taken as a base then lesser value of
average probability for an adverse event to occur is received:

r
Za;xj

. jeG

12
W = m = 0,21;
J
jeG
which is near enough to p’".

If the inequalities for constraints of resource and risks
from # 1 to # 4 are checked out the following will be reached:

— for inequality # 1 (7,5 < 8);

— for inequality # 2 (0,9 < 1,5);

— for inequality # 3 (2 < 2);

— for inequality # 4 (1,5 < 1,5).

This means that the inequalities constraining risks are
saturated and these for the resources (# 1 and # 2) are unsat-
urated, i.e. the left hand and right hand sides are not equal at
observing all four inequalities.

The results received from the numerical example fully
confirm the theoretical results from (1) to (26) in the present
work.

Conclusion

1. A problem for resources’ allocation (commodities,
raw materials, services, investments, computational re-
source, etc.) is investigated between a finite number of con-
sumer points, and in the same time the arising risks at that
allocation should be taken into account.

2. A case is considered when linear constraints are im-
posed on the resources in the separate consumer points, as
well as on the arising risks at decision making for the re-
sources’ allocation.

3. A method is proposed for reducing of this problem
to a linear programming problem in which the minimization
of the expenses for resources allocation and taking the risks
is accepted as an objective criterion.

4. The results are described from a numerical realiza-
tion which was carried out of the general problem for simul-
taneous optimal distribution of resources and risks. The nu-
merical results received fully confirm the theoretical results
received in the present work.
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